Abstract. Associative algebras of fixed dimension over algebraically closed fields of fixed characteristic are considered. It is proved that the class of algebras of tame representation type is axiomatizable. Moreover, finite axiomatizability of this class is equivalent to the conjecture that the algebras of tame representation type form a Zariski-open subset in the variety of algebras.
1. Introduction. The aim of this paper is to discuss connections between model-theoretical properties of the class of algebras of tame representation type and the well known conjecture asserting that "tame representation type is open" (see [8] ) in the sense explained below. Recall that a finite-dimensional algebra R over an algebraically closed field is of tame representation type if in every dimension the indecomposable R-modules admit a parameterization by a finite number of one-parameter families. A precise formulation of this concept is given in Section 2.
Let us fix a natural number d and a number p which is zero or a prime. Consider the class Alg p (d) of all associative algebras with identity having dimension d over the base field, which is assumed to be algebraically closed of characteristic p. This class is axiomatizable in a suitable first order language. Let T be the subclass consisting of algebras of tame representation type.
We prove in Theorem 2.3 that T is axiomatizable and an explicit system of axioms is presented in Proposition 3.3. Our main result is Theorem 2.4 asserting that finite axiomatizability of this class is equivalent to the fact that "tame is open", that is, the tame algebras induce an open (in the Zariski topology) subset in the variety of algebras over each algebraically closed field (of characteristic p). According to the author's knowledge, the question whether T is indeed finitely axiomatizable is still open.
The analogous problem for finite representation type was solved by Jensen and Lenzing (see [11, Theorem 12 .54], [10] ). They prove that the class of all algebras of finite representation type having a fixed dimension over the (algebraically closed) base field, as well as the class of algebras of infinite representation type, are finitely axiomatizable. This is related to the theorem of Gabriel [6] that "finite representation type is open". One can observe that the final part of Gabriel's proof can be expressed very naturally in model-theoretical terms using the results of Jensen and Lenzing.
The paper is organized as follows. Section 2 contains some preliminary material and the formulation of the main theorems. In Section 3 we present a set of axioms for the class of tame algebras and prove in 3.6 that finite axiomatizability of this class implies openness of the set of tame algebras in the variety of algebras. A result of Geiss [8] asserting that a degeneration of a wild algebra is wild, or rather his main arguments for that theorem, are an important ingredient of our proof.
The converse of the implication proved in 3.6 is shown (for a fixed characteristic) in Section 4, where also a useful "geometric" criterion for axiomatizability is given. In Section 5 we restrict our attention to the class Q of quasitilted algebras. We show in Lemma 5.1 that the tame quasitilted algebras form a finitely axiomatizable subclass of Q and we discuss some consequences of our main results.
Preliminaries.
Let L be the first order language having countably many variables, two binary function symbols + and · and two constants 0, 1. We think about L as a language of the first order theory of fields or rings with identity. Denote by A the two-sorted first order language of algebras over fields (see [11] ), that is, the disjoint union L 1 L 2 of two copies of L equipped with another function symbol ·. The terms from L 1 (resp. L 2 ) are called terms of the first (resp. second ) sort. The new function symbol associates to a pair of variables of first and second sort a variable of the second sort. The language A has the usual logical connectives: ∧, ∨, ¬, → and allows quantifiers on both sorts of variables.
By a model for this language we mean a pair (K, R), where K and R are models for L 1 and L 2 respectively and the new function symbol is interpreted as a function · : K × R → R. It is clear that if K is a field and R is a K-algebra with identity then the obvious interpretation of the symbols of the language A allows us to treat the pair (K, R) as a model for A. We use the standard notation: for a model (K, R) and a first order formula φ we write (K, R) |= φ if φ is satisfied in (K, R). Two models are elementarily equivalent if the sets of formulas satisfied in each of them coincide.
A nonempty family F of subsets of a set I is called an ultrafilter over I if the following conditions are satisfied:
We denote by (m i ) F the equivalence class of an element (m i ) with respect to the relation ∼ and by M i /F the ultraproduct of (M i ) i∈I with respect to F, that is, the set of all equivalence classes of ∼. To simplify the formulas we omit the condition i ∈ I in the notation of the ultraproduct; it does not lead to confusion.
If (K i , R i ) i∈I is a family of models for A then by its ultraproduct we mean the model
with the obvious interpretations of all symbols in A.
The concept of ultraproduct appears in [14] under the name "operation (P)". The importance of this construction is established by the famous Łoś Ultraproduct Theorem asserting that a first order sentence φ is satisfied in
Given a model (K, R) its ultrapower with respect to F is defined to be the
A class C of models is axiomatizable if there is a set Σ of first order sentences such that a model (K, R) belongs to C if and only if all sentences of Σ are satisfied in (K, R The reader is referred to [2] , [11] , [15] for detailed expositions of model theory.
With a field K and a system γ = (
is given by the structure constants γ, that is,
we denote the ith standard basis vector of R K (γ) by e i . It is known (see [6] , [13] ) that the tuples γ such that (K, R K (γ)) ∈ Alg(d) form an affine algebraic variety Alg K (d) for every algebraically closed field K.
Given a field K and a class C ⊆ Alg(d) we denote by C K the preimage of C under the map γ → (K, R K (γ)), that is,
Recall that a finite-dimensional algebra R over an algebraically closed field K is of tame representation type provided for every number m there exists a finite family N 1 , . . [19, Chapter 14] ).
. , N r of K[t]-R-bimodules that are free of rank m as left K[t]-modules and such that every indecomposable
The algebra R is of wild representation type if there exists a K X, Y -R-bimodule M free of finite rank over K X, Y such that the functor
preserves indecomposability and sends nonisomorphic modules to nonisomorphis ones. Here K X, Y is the free associative K-algebra with two free generators X and Y and fin(K X, Y ) is the category of finite-dimensional right K X, Y -modules [4] , [5] .
We fix p which is zero or a prime and from now on consider algebraically closed fields of characteristic p. Let T (resp. W) denote the class of all models (K, R) ∈ Alg p (d) such that R is of tame (resp. wild) representation type. The famous Tame-Wild Dichotomy of Drozd [5] , [3] can be expressed in the following form. The main results of this paper are the following two theorems. 
( 
for every algebraically closed field K of characteristic p.
C) The class T is finitely axiomatizable as a subclass of
Proof. The implication "⇒" in (a) is a direct consequence of the definition of wild representation type, whereas the opposite one follows from (b). The assertion (b) is implicitly proved by Geiss in [8, Proposition 2] . For convenience of the reader we recall the main arguments (see also [16] ).
For this we need some notation introduced in [8] . Given a number z denote by mod R (z) the variety of R-module structures on K z and for any t ≤ z 2 define mod R (z, t) to be the (closed) subset of mod R (z) consisting of those module structures whose endomorphism rings have dimension at least t.
The following facts are established in [8] :
1. R is tame if and only if dim mod R (z, t) ≤ z 2 + z − t for every z ∈ N and t ≤ z 2 , and 2. the function (a 1 , b 1 ) . Then the element g 1 hg −1 belongs to the stabilizer Stab(x) of x. Now it is immediate that the image of the regular map
by the Fibre Dimension Theorem [18, Chapter I.6] and the equality dim Stab(x) = t 0 .
Applying that theorem again to the map (note that Gl
We have shown that
Since, by observations 1 and 2 above, the right hand side is a Zariski-closed set contained in W K , the proof is complete.
Thanks to Lemma 3.1(b) we have the following generalization of the theorem on degenerations of algebras [8] :
Theorem 2.3 is a direct consequence of the following proposition. Perhaps more natural is the system of sentences asserting the existence of bimodules M satisfying the condition:
Moreover by the results of [7] it is enough to restrict the attention to bimodules of degree 1.
The crucial problem is to decide whether our system of axioms can be replaced by a finite one. Now we are in a position to prove one of the implications in Theorem 2.4. 
Proof of (C)⇒(A). Assume that T is finitely axiomatizable as a subclass of Alg
and W K is closed in Alg K (d).
Corollary 3.7. Assume that assertion (C) is true. Then there is a number N such that for any algebraically closed field K of characteristic p and any d-dimensional K-algebra R of wild representation type there exists a K X, Y -R-bimodule M free of rank m ≤ N such that for any mdimensional right K X, Y -modules U , V the R-modules U ⊗ K X,Y M and V ⊗ K X,Y M are isomorphic if and only if
The corollary is an immediate consequence of the above proof. Varying the system of axioms for T we obtain corresponding variations of the corollary. However it is not clear if under assumption (C) one can prove that there is a number N such that whenever (K, R) ∈ W then there exists a K X, Y -R-bimodule M free of K X, Y -rank less than or equal to N such that the functor
preserves indecomposability and sends nonisomorphic modules to nonisomorphic ones. Before giving the proof of the proposition we show that C is closed under base field extensions. Given a K-algebra R and a field extension K ⊆ L we set R (L) = R ⊗ K L and view it as an L-algebra in the obvious way.
Lemma 4.2. Assume that C is closed under elementary equivalence, K ⊆ L is a field extension of algebraically closed fields of characteristic
Proof. Let I be a set of cardinality greater than or equal to the cardinality of L and let F be a regular ultrafilter over I [15, Definition 18.34] . Then by [15, Theorem 18 .37] the ultrapowers K I /F and L I /F are algebraically closed fields of characteristic p with the same cardinality 2 |I| > max{|L|, |K|}. There are canonical diagonal embeddings
and we treat the ultrapowers as extensions of K. It follows that they have the same transcendence degree over K and hence they are K-isomorphic, that is, there exists a field isomorphism σ making the diagram
The isomorphism σ induces an isomorphism of models
Thanks to the Łoś Ultraproduct Theorem [11, Theorem 1.5], [2, Theorem 4.1.9] the model (K, R) is elementarily equivalent to the left hand side model whereas (L, R (L) ) is elementarily equivalent to the other one. Thus our assertion follows from the assumption that C is closed under elementary equivalence.
Applying Lemma 4.2 to C = W we see that R is of tame representation type if and only if so is R (L) (comp. [12] ).
Assume that L is the ultrapower K I /F of a field K. For any number n we denote by ∆ : K n → L n the map induced by the diagonal embedding.
Proof. Without loss of generality we can assume that ∆(
Let T be the space of K-linear functionals on the (finite-dimensional) space of polynomials in K[X 1 , . . . , X n ] of degree at most r and let ξ i ∈ T be the evaluation at x i for i ∈ I. Let ξ i 1 , . . . , ξ i s be a basis of the subspace generated by all ξ i , i ∈ I. Then
and we are done.
Proof of Proposition 4.1. Take a family (K i , R i ), i ∈ I, of models in C and an arbitrary ultrafilter F over I. It is sufficient to prove that the ultraproduct (K i , R i )/F belongs to C.
Since all fields K i have the same characteristic p there exists an algebraically closed field K and field embeddings K i ⊆ K for i ∈ I. Observe that there is an isomorphism of models
where L is the ultrapower K I /F. Thus thanks to Lemma 4.2 it is enough to prove the assertion under the assumption that
Let γ i ∈ Alg K (d) be the point corresponding to the algebra R i . Then
and (γ i ) F corresponds to R i /F. By our assumptions and Lemma 4.2 we know that Denote these polynomials by H 1 , . . . , H r , where r = st. Now let φ be the axiom for C as a subclass of Alg K (d). Denote by ψ φ (γ) the corresponding formula in the language L expressing φ in terms of the structure constants. More precisely, for γ ∈ Alg K (d) the formula ψ φ (γ) means that (K, R K (γ)) |= φ (see the proof of Corollary 12.57 in [11] ). Let
We conclude that
. Since all algebraically closed fields of the same characteristic are elementarily equivalent [11, Theorem 1.13] it follows that M can be replaced by any algebraically closed field K of characteristic p. But this means that 
Final comments.
It seems interesting to consider classes of algebras inside which the wild ones form an axiomatizable class. If the whole class considered is axiomatizable we can use the above method in order to prove that the tame algebras induce an open subset of the set of algebras in the class. Below we analyse an example of this kind.
Let Q ⊆ Alg(d) be the class of all basic quasitilted algebras [9] (of fixed dimension). Recall that (K, R) ∈ Q provided R has global dimension less than or equal to 2 and every indecomposable finite-dimensional right R-module has either projective or injective dimension at most one. There is a criterion for tameness within this class of algebras. Using our notation we can formulate it in the following way: (K, R) ∈ T if and only if the Euler characteristic χ R of R is weakly nonnegative [20] .
Recall that for a K-algebra R of finite global dimension, χ R is the quadratic form defined on the Grothendieck group K 0 (R) of R by the formula
where [X] denotes the class of a module X in K 0 (R). Let e 1 , . . . , e n be a complete set of primitive pairwise orthogonal idempotents of R. Given an R-module X its dimension vector is defined to be
There is an isomorphism
for x ∈ Z n (we identify K 0 (R) with Z n ). Here A T denotes the transpose of the matrix A. See [17] for details. The form χ R is said to be weakly nonnegative if χ R (x) ≥ 0 for every vector x with nonnegative coordinates.
Lemma 5.1. The class Q is axiomatizable and Q ∩ T is finitely axiomatizable as a subclass of Q.
Proof. R being basic is equivalent to the fact that rs − sr belongs to the Jacobson radical of R for every r, s ∈ R and this is easy to express as a first order sentence. The axiomatization of the homological dimension properties is standard, we refer to [11, Theorems 10.27, 12.61] .
In order to see that the class Q ∩ T is finitely axiomatizable as a subclass of Q we use the criterion from [20] mentioned above. It is enough to observe that there are only finitely many matrices which can be Cartan matrices of d-dimensional algebras. Moreover it is easy to write a first order sentence expressing that "the Cartan matrix of R equals C up to a simultaneous permutation of rows and columns" for every matrix C with integral coefficients.
Using the arguments from Section 3 we get the following corollary. Moreover , for every algebraically closed field K:
Assertions (b) and (c) seem to be easy to obtain by purely geometrical methods, but (a) does not seem to be obvious.
Let us note another consequence of axiomatizability of T . Given a Kalgebra R denote by τ R the Auslander-Reiten transpose in mod(R) [1] . By [3, Theorem D] if there is a number m such that there are infinitely many pairwise nonisomorphic indecomposable modules M of K-dimension m such that τ R M ∼ = M then R is of wild representation type. 
